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When an osmotic system is composed of 1- and 0-species particles, which are confined to the 
volumes, V = V a + Vb and Vb, by the wall pressures, P" a and -P^ b , respectively, we obtain a law of 
partial pressures as described in the forms: P" a = fib + T, P^ h = P b — T and P = P^ h + P" a = 
Pob + Pib for the total pressure P. Here, the partial pressures, P a b, are given by the virial equation in 
the solution of 0- and 1-species in Vb, and the pressure difference F on a semipermeable membrane 
appears owing to the presence of density discontinuity at the membrane. On the basis of this 
result, we show that the partial pressures defined by the wall pressures are measurable in liquid 
mixtures, and satisfy the law of partial pressures, which gives the total pressure by the sum of 
partial pressures. Also, the partial pressures are shown to play an important role in treating the 
vapor-liquid equilibrium as well as osmotic systems. In fluid physiology, the partial pressure of water 
in solutions is important to determine water balance in body fluids. 

PACS numbers: 64.10. +h, 61.25.H-, 05.20.-y, 66. 10. eg, 64.75.Bc, 64.70.F- 



I. INTRODUCTION 

At the present stage, it is a common belief that the 
law of partial pressures is only applicable to ideal gases 
as Dalton's law, although there is no proof for this appli- 
cable limitation. Contrary to the above belief, we have 
proven that the total pressure of the electron-nucleus 
mixture such as liquid metals and plasmas can be rep- 
resented as the sum of the electron and nuclear pres- 
sures, which are defined by the wall potentials confining 
the electrons and nuclei in the finite volume, respectively 
[l], 0] ■ This result makes a contradiction to the common 
belief mentioned above, since the concept of 'partial pres- 
sure' is introduced in treating interacting systems. To 
clarify this contradiction, we investigate here the prob- 
lem of partial pressures for liquid and real gas mixtures. 

Let us consider an osmotic system: a sugar-solution 
compartment separated from a pure-water compartment 
by a semipermeable membrane, for example. The os- 
motic pressure, that is, the pressure on the membrane 
exerted by the sugar is different from the internal sugar 
pressure in the solution [3J. This fact may give rise to a 
confusion that the law of partial pressures can not be ap- 
plied to a sugar-water mixture confined in a finite volume 
by the wall. In this investigation, in the first place, we 
show that, in general, for a mixture confined by the wall 
to a finite volume, the partial pressure of each component 
can be defined by the pressure on the wall exerted by each 
component, and the total pressure is represented by the 
sum of these partial pressures. In the second place, on 
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the basis of first principles (the virial theorem) we prove 
in the general situation an experimental fact found in the 
molecular dynamic simulation performed by Itano et. at 
3]; that is, the fact that the "partial" pressure of the 
solute (such as sugar) is higher than the semi-membrane 
pressure confining the solute by a difference T, and the 
solvent (water) pressure in the solution is lower than the 
wall pressure confining the solvent by the same difference 
r in the osmotic system. In the third place, the par- 
tial pressures are shown to be measurable and important 
physical quantities by using the results found in osmotic 
systems; as a consequence, the law of partial pressures 
for interacting systems is proven as a significant physical 
law. 

With this respect, when we take the sugar solution and 
the pure water separated by the membrane as a whole 
one system confined to a finite volume, there is a step- 
function-like jump of the sugar-density on the membrane, 
since the sugar exists only in the solution. From this, we 
find that partial pressures of sugar and water are related 
to the osmotic and wall pressures by use of the pres- 
sure difference caused by the density discontinuity on the 
membrane. In addition, the vapor-liquid equilibrium is 
shown to be a special state of an osmotic system, which 
is described by partial pressures. 



II. PARTIAL PRESSURES AND OSMOTIC 
PRESSURES 

At the beginning, we write up the basic equations and 
the concept "wall pressure" , necessary to derive the pres- 
sure relations in this section. 
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(I) Virial theorem for one particle: 

In the system confined by the wall potential U w to 
the volume V at a temperature T, where the particles 
are interacting via a binary potential under the ex- 
ternal potential Z7 ex , the virial theorem for one arbitrary 
i-particle [l| is written as 



2(p?/2mi) = (r ( • Vi(U + U w )) = 3fc B T. 



(1) 



Here, Pi and r^ are the momentum and position of i- 
particle, respectively, and U = J2 i< j Vij + C/ GX . In the 
above, the bracket () denotes the ensemble average. 
(II) Wall pressure: 

When a fluid is confined by the wall pressure P w to a 
finite volume V, the wall pressure P w is in balance with 
the hydrostatic pressure P: P w = P just at the surface, 
thermodynamically; an external force F on the wall with 
a surface S provides the wall pressure P w — F/S. Note 
that this relation is derived from a fundamental assump- 
tion based on the virial theorem ([1} as shown below. The 
wall pressure P w caused by the wall potential U w on the 
particles is defined by 
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The virial theorem (JIJ provides the basis for the standard 
assumption concerning the relation between the force ex- 
erted by the wall on the particles and the hydrostatic 
pressure P: 



I P w r ■ dS = V(r, • V l U w ) = <£ Pr-dS, 

JdV t JdV 



(3) 



that is, 
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when the external potential U cx becomes zero inside the 
boundary surface dV to provide a constant pressure on 
dV. Hereafter, we denote the surface of a volume V by 
the symbol dV . Usually, the wall pressure P w is omitted 
in the virial equation in the above, but it is important to 
treat osmotic systems. When the wall with a surface L 2 
is movable such as a membrane or a piston, an external 
force F on the wall provides the wall pressure P w = FJ L 2 
to keep the wall at rest. Therefore, it should be kept in 
mind that the wall pressure P w represents also the ex- 
perimentally measurable external pressure, as well as the 
pressure exerted by the fluid on the wall in addition to 
the wall pressure acting on the fluid. Thermodynami- 
cally, the wall potential U w is assumed to be perfectly 
elastic and becomes abruptly infinite at the surface dV, 
and hence the density of the system becomes uniform 
from just inside the wall. 

(Ill) The virial equation for an arbitrary volume 
f2 in the system: 



The virial equation is expressed by (HJ , and written for 
an arbitrary volume fl in V in the forms 4-7]: 



f Pr • dS = / (3P + r • VP)dr 

= E 



2<t^> - (Ti ■ ViU) 



(5a) 
(5b) 



(IV) Discontinuous pressure: 

In the case where the pressure P has a uniform but 
different pressure in each of the two domains, V a and 
Vb {V = V a + Vb), separated by a surface 5(= dVb) of 
the volume Vb involved in the volume V, we obtain the 
following relation: 
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Here, P{S out ) = lim e ^ P(S+e) and P{S' m ) = 
lmi e ^o P(S-e). Symbols, S+e and S-e, denote a surface S 
shifted outside by e and that shifted inside, respectively. 
In this case the surface integral §q V P? ■ dS cannot be 
calculated by the volume integral J y W[Pr]dV due to 
the discontinuity of pressure in the volume. Instead of 
using the volume integral, we can evaluate the surface 
integral by using the identical relation: §q V P v ■ dS = 
lf dv PrdS-f^PrdS}M^PrdS-$ s _PrdS}+f s _PrdS, 
which leads to ^ in the limit e — > 0, with help of 
]im^ [f dV PvdS f^Pr-dS] = Pr-dS. 

When a mixture composed of two types of species, 
and 1, is confined by wall potentials, Uq and U™, for 
each component to the same volume V with the total 
pressure P, the partial pressure P Q can be defined by the 
pressure P™ on the wall exerted by particles of a-species 
as follows: 
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which is obtained from the virial theorem for one particle 
(fT]). Thus, when the interatomic interaction is via binary 
potentials v a p (r) , the partial pressure P a can be written 
in the form of the virial equation [8| : 



P% = P a - k B T Po 



dv aa (r) 
r : g aa (r)dr 



dr 



+ 5>i-F?)/3y, 



(7b) 



in terms of the radial distribution functions g a p(f) and 
the density p a of a-component. Here, F" indicates the 
total force on i-particle of a-species exerted by all par- 
ticles of different species (a) to a, defined by Ff = 
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FIG. 1. An osmotic system composed of 1- and 0-species 
particles, which are confined to the volumes, Ksl4 + Vb and 
Vb, by the wall pressures, P™ a and P™ b , respectively. 



— J2iea ^i w oi(| r » ~ r i|): an d these forces satisfy the fol- 
lowing relation: 

^{r i .P t °} + ^(r r F[) = -ypop 1 / r^±g 01 (r)dr. 

(8) 

Also, the total pressure P is the sum of partial pressures 
P a defined by dZJ): P = Po+Pi, since the total pressure P 
is defined by the virial theorem: § dv Pr ■ dS = § QV P w r ■ 
dS = Y^ a Eie«( r i'^P«). f° r a mixture confined by the 
wall pressure P w . This is referred to as the law of partial 
pressures. 

Next, we examine the relation between the osmotic 
pressure and the partial pressure in a solution. Let us 
consider a system where the 1-species particles and the 
0-species particles are confined to the volume V and the 
volume Vb (contained in V) by the wall pressures, P™* 
on dV and P™ h on dVb, respectively, as shown in Fig. Q] 
with V a = V — Vb- Here, the wall Wb becomes equiva- 
lent to a semipermeable membrane. In thermodynamics, 
the volumes, V and Vb, are defined by using the wall po- 
tentials which are perfectly elastic and become abruptly 
infinite at surfaces. Therefore in this system, the den- 
sity and pressure of 0-species particles become zero in V a 
and jumps to pob and Pob in Vb, respectively, with the 
boundary Sb(= dVb) forming a discontinuity surface in 
V. Because of this discontinuity surface S b , the formula 
to calculate pressures (|5aj) with use of the volume inte- 
gral leads to infinite divergence due to the term VP(r) 
involved in the integrand of (|5"a|) . The virial theorem, 
([5]) and (JTJ) , avoiding this divergence with the help of ([6|) 
generates the relations between discontinuous quantities. 
In treating the osmotic system, it should be kept in mind 
that Eq. ([T|) ensures to define the partial pressure of a- 
component in a mixture by the sum only of i belonging to 
a-component (t 6 a). As this result, we can obtain the 
relations concerning P™ a and P™ b for each component 
with the help of (JB]) and the virial theorem below. 

For the case of 1-species, the partial pressure Pi(r) 
has different uniform pressures, Pib and Pi a , in the inner 
and outer sides of the surface Sb, respectively, due to the 
discontinuity of the density of 0-species on the surface Sb- 
Therefore, the virial theorem (|T|) with use of © provides 



the following relation: 

I P™ a r -dS= <f Pit ■ dS (9) 

= 1 P 1 vdS+I Pxr-dS+SVbiPiS^-PiSt)] ■ (10) 

JdV a JdV b 

Here, Pi(S b n ) = P lh and Pi(S£ ut ) = P ia are the pres- 
sures just inside and outside of the surface Sb of the 
volume Vb, respectively. Since P^ = Pi a , the partial 
pressure Pi(r) in the a- and b-domains is related each 
other through the following equations: 

= Pi, = Pib + Ti (11) 

r! = p la -p lb , (12) 

which are obtained from (JTUJ) with use of © . The partial 
pressure Pi(r) becomes uniform in V a and Vb, but has a 
pressure difference Ti between them. Here, the partial 
pressure Pi a is determined by the virial equation 

Pia = k B T Pla ±pl J v r^l 9l (r)dr , (13) 

which is described by the radial distribution function 
gi(r) and binary interatomic potential for the domain- 
a, and P a b is given by (|7bj) for the domain-b as 

e> ; rp 1 2 f dv aa (r) 

Pab = k B Tp ah - -p ah / r — — - — g aa (r)dv 

+ ^(r J .F« b )/3Vb, (14) 

since there is a uniform mixture of 0- and 1-species in the 
domain-b. 

On the other hand for the case of 0-species, due to the 
density discontinuity on the surface Sh{~dVb) in the vol- 
ume V, the surface of pressure discontinuity mentioned 
above appears to be coincident with Sb- Therefore, we 
shift this discontinuity surface to Sb' inside of Sb by e, 
and get a final relation by taking the limit e — ¥ with 
use of P (S b ") = Pob, lim e ^ P (^, ut ) = P (S b n ) and 
3V h / = / 5 r • dS: 

/p Wb r • dS = 3 lim{(S b e)P Wb + (V b -S b e)Pob 
Jdv b 

+Vb'[Po(S^)-P (Sm (15) 
= 3Vbfbb + 3Vb[P a (S h n )-P b} , (16) 

which is derived from the virial theorem ([1]) with use 
of ([6|). Here, the pressure contribution of a volume 5b e 
disappears in the limit e— >-0 and Po(S h n ) is the pressure 
on the wall b exerted by the 0-species particles. Hence, 
we get the final result: 

P Wb =P (S b n ) = Po b + r (17) 

r = p (s b »)-p ob . (is) 

The pressure Po(r) provides Py b to be equal with the 
osmotic pressure on the membrane Sb , and has a pressure 
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FIG. 2. The pressure relations for the osmotic system for 
a cubic volume L 3 with a semipermeable membrane Sh at 
x = L/2. The b-domain involves particles of 0- and 1-species, 
while the a-domain contains 1-species particles only. The sur- 
face of pressure discontinuity of 0-species is shifted towards 
the origin by e as shown by S h *. 



difference Tq in comparison with the internal pressure Lob 
in Vb. 

Because the osmotic pressure P osm is the pressure on 
the wall b exerted by the 0-species particles, it must sat- 
isfy the next relation (see Appendix 1X1 for this proof): 

C = P° Sm = (P b + Plb) - Aa , (19) 

which leads to the following condition: 

r + ri = o. (20) 

Owing to the relation P\ a = P™*, Eq. (fl9| is rewritten 
in the form: 

pwb + pwa = p _ p Qh + (21) 

The relations, (HU), (QUl, (HI and flU), have been ob- 
tained by Itano et. al. by means of the molecular dy- 
namics method using the perfectly reflective wall 

In Figfl] the osmotic system is represented as a gen- 
eral volume shape; the volume shape can be deformed 
to the cubic volume V — L 3 put on the rectangular co- 
ordinates x = y = z = L with a plane semipermeable 
membrane at x = L/2. The region (0 < x < L/2) is the 
b-domain involving particles of 0- and 1-species, while 
the region (L/2 < x < L) becomes the a-domain con- 
taining 1-species particles only. Naturally, the relations 
for P™* and P™ b given by (fTTj) and (fl"7|) . respectively, 
are established for this cubic volume along the a:-axis, as 
can be shown in the similar manner above. The follow- 
ing pressure relations are shown in Fig[2] for this osmotic 
system: 

PT" = Pib + r (22a) 
Po b =Pob-T (22b) 

with r = Ti = —Tq. The partial pressure Pi(x) leads to 
pw a _ p^ j n ^ e domain-a, and becomes identical with 
the partial pressure P\b in the domain-b with a pressure 
jump T at the surface <9Vf,. In a similar way, the wall 
pressure P™ b for 0-species particles has a difference F 
compared to the internal pressure Pob in the domain-b. 



We can understand why the pressure difference appears 
at the semipermeable membrane physically for the case 
of the experiment of Itano et. al., as follows. The den- 
sity of solute molecules (0-species particles) is zero in 
T4 and jumps to po& in Vh, with the membrane forming 
a discontinuity surface in V . Therefore, the total sum 
of solvent-solute interactions (strong repulsive potential) 
caused by all solute particles in Vb behaves like a wall po- 
tential to the solvent particles in V a , producing the pres- 
sure r on the solvent particles in V a ; this is the reason 
that the solvent pressure is higher in V a than in V^. As 
the reaction to this acting pressure T on the solvent, the 
solvent particles in V a support the solute pressure Pob in 
Vb together with the confining pressure PQ h at the mem- 
brane. This is the reason that the osmotic pressure P™ b 
to support the solute particles in Vb is lower than the hy- 
drostatic solute pressure Pob by T. Itano et. al. [3j have 
calculated the total interaction force AUL 2 exerted on 
the entire solvent by the entire solute with a surface L 2 : 
their AJ7(> 0) is identical with T. Also, the fact above 
mentioned is the reason that the surface of pressure dis- 
continuity in the volume V should be taken into account 
at the semipermeable membrane for the 0-species parti- 
cles as well as the 1-species particles in the derivation of 
(HT|) and ([FT]) because of the action and reaction between 
these two species. 

Now, equations, (|22a[) and (I22bp . are written as fol- 
lows: 

pw, = kBTpu _ l _ plb J r ^M gil{r)dY 

- \pobPih J r ^^9oi (r)dv + A , (23) 
P Wb = Pob - r = k B T Poh 

-\pl.Jr d ^Mr)dr-A, (24) 

with use of the definition of partial pressures P a b given 
by (HID with help of ©. Here, A = T - £ ie0 b( r * ■ 
F° b )/3Vb- In the dilute solution over a wide range of 
concentrations, computer simiulation experiments [3, Q 
have demonstrated the validity of van't Hoff's law: 

P osm = P 06 - T = k B T Pob . (25) 

which means A = in (|24[) . In another point of view, if we 
introduce the following assumption for a dilute solution: 

r=^< ri .pf)/3Vl, (26) 

ieOb 

Eq. (124]) in the dilute solution is taken to provide van't 
Hoff's law ([25]). 

Furthermore, we show below that the partial pressure 
P a even in liquids can be measurable. Note that the os- 
motic system is separated into two coupled systems con- 
sisting of a pure fluid and a fluid mixture when we cover 
the semipermeable membrane with a membrane imper- 
meable to 1-species from the domain-a side in the osmotic 
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equilibrium state. Also, it should be noted that the ex- 
ternal force condition (|A1|) to keep the osmotic system 
steady holds too in the two coupled systems as shown be- 
low. These new two systems are coupled with each other 
in a way that the 1-species internal pressure of one sys- 
tem works as an external pressure to the other to sustain 
equilibrium. Now, the 1-species particles do not move 
through the semipermeable membrane and the osmotic 
system is changed to the separated two systems, a fluid 
mixture with a pressure Po& + Pib confined in the volume 
T4, and a pure fluid with a pressure P\ a in the volume 
V a . Therefore, the 0-species pressure on the semiperme- 
able membrane increases by T compared to the osmotic 
system, since Pj" b = Pob for this mixture in Vt>- On the 
other hand, the membrane impermeable to 1-species cov- 
ering the semipermeable membrane from the pure fluid 
side divides the 1-species particles by confining them in 
V a and Vb, and feels the pressure T in the negative x 
direction due to the pressure difference of 1-species as 
shown in FigJ5] Therefore, this membrane is pushed onto 
the semipermeable membrane by the pressure T, which 
is balanced to the increased pressure T of the semiperme- 
able membrane in the positive x-direction. As a result, 
this fact provides the means to measure the pressure dif- 
ference r involved in (I22a[) and (I22b[) . Thus, the partial 
pressures P a b in Vb can be obtained by using values of 
the osmotic pressure P^ b and P 1 Va , which are observ- 
able, with the help of (|22al) and (|22bl) . In addition, the 
pressure difference T = AU can be calculated by eval- 
uating the pressure difference between both sides of the 
membrane impermeable to 1-species with aids of the MD 
simulation, instead of using the solute-solvent interaction 
force as was done by Itano et. al. ||. 

In this way, it is shown that partial pressures, P a h, are 
measurable on the basis of the osmotic pressure. As a re- 
sult, the law of partial pressures ([7]) is shown meaningful 
even in real gases and liquids as well as in ideal gases on 
the basis of the relations in the osmotic system, which 
relates the partial pressures to the wall pressures, P™ a 
and Pi b . In other words, owing to the pressure differ- 
ence r on the membrane, the law of partial pressures for 
this osmotic system may be interpreted as expressed in 
the following forms: P™ a = P lh + T, P Wb =P Qh -T and 
P = P^ a + P Wb = Pib + P b, and Eq. © is recovered 
when V a = 0. 



III. OSMOTIC SYSTEMS CONSISTING OF 
MANY KINDS OF SPECIES 

In EjTTl we treated an osmotic system consisting of two 
types of species, and 1; here, we increase types of species 
such as 0, 1, 2, M, and add 0-species particles also 
in the domain-a. In this case, we obtain the following 
relations for all species except (i = 1, ..M): 

P, Wa = Pa = Pb + r, . (27) 



Here, V, = P(Sg ut ) -P(5 b n ) = P a - Pb- On the other 
hand, the following equation is established for the wall 
pressure P™ b confining the 0-species particles: 

P Wb = P)b - Poa + r = P (5 b n ) - P 0a • (28) 

Eq. ([28]) involves Pq 3 in comparison with (fTTj) due to 
the presence of the 0-species particles in the domain-a of 
this system. Since the difference between the pressure 

P b and the pressure P a = Pb-p)b + I]f=i r i + P 0a brings 
about the osmotic pressure P osm = P™ b = P b — P a , we 

obtain the condition Yli=o^i = for IV On the other 
hand, Eq. (|2"Tj) is written in the another form: P^ b + 

E M pw, _ p 

In physiology, the partial pressure of water in solutions 
is important to see balance of water in body fluids. Wa- 
ter balance between 'a' and 'b' solutions separated by 
a membrane is maintained under the condition for the 
partial pressures of water: 

Pwater— a — Pwatcr— b ~t~ T (29) 

with a proper pressure difference T; unless this condition 
is satisfied, the osmotic flow of water occurs. For exam- 
ple, when M kinds of impermeable solutes are dissolved 
in both a- and b-domains with partial pressures, Pj a and 
Pib, keeping the relation P™ b = Pib— Pj a — I*, the above 
pressure difference is expressed by T = X]^i as shown 
in Appendix [Cl 

In this situation, we consider a special state of the 
above osmotic system, where the particles in the domain- 
a constitute the gas phase, and the particles in the 
domain-b become the liquid phase [ToL assuming that 
all types of species are volatile. If this osmotic system 
maintains this two-phase equilibrium even when the con- 
fining pressure P™ b of 0-species becomes zero, we can 
take this state to be in the vapor-liquid equilibrium; that 
is, the condition, PQ b = 0, leads to the condition for 
the two-phase equilibrium Pb = P a . From the condition: 
- p o Wb=p o(5'b n )- p Oa = 0, there results the following rela- 
tion P(^ a =P 0a — P Q (S™). Hence, for all species including 
0-species (i — 0, ...,M), we obtain the relation between 
partial pressures of the liquid- and gas-phases: 

P^=Pib+Ti = P ia , (30) 

with the condition Yli=o T» = 0- Moreover, the non- 
volatility of a-species can be defined by the relation: 

Pw a = pw b = p a ^in) = = from (gg) . 

In the vapor-liquid equilibrium, there are two approx- 
imate theories in a dilute solution; Henry's law and 
Raoult's law, which are valid only in the dilute limit. In 
contrast with these laws based on the chemical potential, 
Eq. (f3"0)) is valid without any condition since it is based 
on the rigorous virial theorem. Here, let us consider the 
solubility of a gas (1-species) in a liquid (0-species). In 
this problem, the vapor pressure of a liquid can be ne- 
glected compared to the gas pressure Pi a in the gas phase 
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PUd]]], that is, the O-species liquid is approximated to 
be non-volatile as is written in the form: 



fob = k B Tp oh - -p oh / r — — — goo(r)dr 



(31) 



ieob 



since the non- volatility is defined by the relation: P™* = 
PqYi — r = 0. Therefore, the gas-liquid equilibrium is 
described by the following equation: 



dr 



g a/3 (r)dr, 
(32) 



which is obtained by the use of (fT4)) . (|3lT) and (|8|). Here, 
Eq. (|3"Tj) for a dilute solution is reduced to 



k B Tp oh - ^Pob J '• 



dvoojr) 
dr 



goo{r)dr = . 



(33) 



when we use the assumption (|26[) . Therefore, for a dilute 
solution Eq. (|3"3"|) makes (|3"2"j) in the simple form: 



Xlb • 



fcB^pb - gP b / r dr goi{r)dr 



(34) 



which is nothing but Henry's law. Note that the Eq. (|32|) 
can be applied to determine the solubility x\b of a gas 
at any pressure Pi a under the non- volatile approximation 
([31]) in contrast with Henry's law (f34|) which is only valid 
in the dilute solution. Next, let us consider the vapor- 
liquid equilibrium in a solution consisting of 0-liquid and 
1-solutes, where the vapor-liquid equilibrium is described 
by a set of equations: 



P7 



Pu = P 



lb 



p" a _ p n _ p nh — r . 



(35a) 
(35b) 



With help of (|24p . it is shown for a dilute solution that 
the assumption (|26l) produces Raoult's law from (|35b[) as 
follows: 



Poa — x 0bPQ a , 



(36) 



with the vapor pressure of a pure liquid, Pq q = 
k B Tpb— \Pb ! r dvoo{r) / drgo (r)dr, while Eq. Q35ap leads 
to Henry's law (|34|) . It should be emphasized that the 
assumption ([2"B)) is valid for two different problems; one 
is the solubility problem where xob = and the other is 
the vapor- liquid equilibrium where xpb ~ 1- 



IV. DISCUSSION AND CONCLUSION 

In fJTTJ we have shown that the law of partial pres- 
sures can be applied to liquid mixture using the virial 
equation for particles with binary interactions. However, 
this brings no essential restriction on its applicability for 



systems. Even for mixtures with more complicated in- 
teractions (molecules for example), the partial pressure 
is defined by the wall pressure P™ exerted by its con- 
stituent species as ©, and the virial pressure P a is de- 
termined by (|5b[) for general potentials including even 
ternary interactions for example. 

In ijlll the wall potentials are assumed to be perfectly 
elastic and become abruptly infinite at surfaces, but in 
reality they are short-range repulsive potentials which in- 
teract with inner particles to some range in the volume. 
The influence of the wall potential with a finite range 
Ax can be estimated by P w = £02) with the 

surface area 5 of the volume V (see Appendix [B]): we 
can see that the wall-potential effect disappears in ac- 
cord with increase of the volume V compared to 5 Ax, 
even when the particle density shows a gradual increase 
up to the uniform density in the distance of the order 
Ax from the wall. In a similar way, a finite range of 
the membrane potential produces a continuous change in 
Po( r )> which is zero at the membrane surface 5b and be- 
comes Po(Sb-Ax) — Poh in the inner region Ax from Sb- 
Here, Sb-Ax denotes the surface 5b shifted inside by Ax. 
However the pressure difference Tq near the membrane 
is unchanged, since the osmotic pressure is independent 
of the form of the purel y re pulsive potential chosen for 
the membrane potential [l2j. This is also due to the fact 
that the microscopic structure of pressure profile does not 
contribute thermodynamically to the pressure difference 
To as shown in (|B3[) . In detail, the meaning of (IT71) for 
this continuous case is expressed as 



posm = pw b ^ p o{Sh _ Ax) 



1 n 



r = p 



Ob ■ 



(37) 



That is to say, the partial pressure Po( r ) supports the 
osmotic pressure PQ b and the acting pressure T(= —To) of 
the 0-species particles on the 1-species particles in V a as 
mentioned in fJH and becomes a constant pressure P(^ b -|T, 
which is equal to Pob, at a near distance Aa; from the 
membrane. Thus, the wall pressure PQ b is different from 
the inner pressure p)b by T, too, in the continuous case. 

Until now, the law of partial pressures is supposed to 
be applicable only to ideal gases, and the definition of 
the partial pressures in liquids is insignificant because of 
some arbitrariness in the division of the total pressure 
into several parts. In this investigation, we have shown 
that the partial pressure can be defined uniquely as each 
wall pressure exerted by a component in the system, and 
is an important observable physical quantity. As a conse- 
quence of this definition, the law of the partial pressures 
is applicable to liquid mixtures with strong interactions 
as well as to ideal gases. Furthermore, it has been shown 
here that the partial pressures play an important role to 
see structures of the gas-liquid phase equilibrium in ad- 
dition to the osmotic system: the total pressure balance 
between the gas- and liquid-phases is established by each 
partial-pressure balance for a component in the gas- and 
liquid-phases, respectively, as is described in the relation: 
Pia = Pib+Ti . The non- volatility of a-species in a solution 
is defined by P a + r a =0 on the basis of the definition of 
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partial pressures. 



Appendix A: Proof of (|19f) 

In an osmotic system with the cubic volume as shown 
in FigHJ three external forces, P(0), F{L/2) and F(L), 
must be applied to the three surfaces, S(0), S(L/2) and 
S(L), located at x = 0, x = L/2 and x = L, respectively, 
to keep this osmotic system steady; 



obtain 



F(0)e x = [F(L/2) + F(L)]e x , 



(Al) 



with e x being the unit vector of the x-axis. Since 
F(0)/L 2 = P o w (0) + P?(0) = Pob + Pib and F(L)/L 2 = 
P?(L) = Pia, we obtain F{L/2)/L 2 = P 0b + Px b -P U = 
posm jsjQ^g that this relation is valid even when the sol- 
vent molecules (1-species) interact with the semiperme- 
able membrane S(L/2), since F(L/2)/L 2 is determined 
by the interactions of molecules only with the walls, 
S(0) and S(L), irrespective of the membrane wall S(L/2). 
Therefore, Eq. (fT9f is valid without any condition, since 
F(L/2)/L 2 = P w (L/2) = P Wb . In fact, in the standard 
treatment in MD simulation the osmotic pressure is de- 
termined by the wall pressure Pj 1 ' 15 rather than by the 
pressure difference for purposes of accuracy, [!, [l2| even 
when the solvent molecules interact with the semiperme- 
able membrane [H, [1(3, EH • 



/ P w r • dS = - [ V • (rP) dr 

JS JSAx 



owing to P(S') = P. That is, 



P w = P 1 



/ V • (rP)dr = 3P(V-SAx) ,(B1) 
Jv 



SAx 
V 



(B2) 



The influence of the wall may disappear when the volume 
V becomes infinite, and the pressure on the wall exerted 
by particles is taken as that given by the virial equation; 
this is the meaning of the virial equation ^ for a real 
wall potential. 

When the pressure P has a step-function like disconti- 
nuity on the surface S(= dV b ) of the volume V b involved 
in the volume V, a formula to calculate the surface in- 
tegral is given by (j6]). Here, we consider the case where 
the pressure P increases continuously in the narrow do- 
main between the two surfaces, S+Ax and S-a x with Ax 
being the order of the interatomic potential range, in- 
stead of a step-function like discontinuity on the surface 
S. Here, S+Ax and S-Ax denote a surface S shifted out- 
side by Ax and that shifted inside, respectively. In a 
similar way to obtain (|B2I) . we can evaluate the surface 
integral § dv P Y ' dS for this case on the basis of an iden- 
tity: § QV Pv ■ dS = [§ dv Pr-dS f^Pr ■ dS] + [f^Pr ■ 
dS — § s& Pr-dS] + <j> s ^ Pr-dS. If we neglect quantities 
of the order SAx/V, we obtain from the above identity 



Appendix B: Influence of wall potential with a finite 

range 

Thcrmodynamically, the wall potential U w confining 
a fluid to a finite volume V is assumed to be perfectly 
elastic and becomes abruptly infinite at the surface dV. 
In reality the wall has short-range repulsive potentials 
which interact with inner particles to some range in the 
volume. Therefore, we obtain P w = P = if Eq. © is 
simply applied because of P = at the surface dV. The 
influence of the wall potential with a finite range has been 
examined by Green [l4j]) where he showed that at the 
surface S' located in the distance Ax inner from the wall, 



A.i 



dP(x) 



dx for the one 



P w = p is established and P w = f Q ~rr 
dimension case. Since the influence of the wall disappears 
at the surface S'(=dV') located in the distance Ax from 
the wall with an area S(=dV), this influence is described 
as follows. Because the hydrostatic pressure P(r) is zero 
at the surface of the wall, there results, = / s Pr • dS — 

>s - / s <] Pr ' dS + §s- P * ■ dS = Is Ax V • (* p ) * + fv> V • 
(rP) dr. Here, — J S a x ^ ' ( r ^ > ) dr denotes the pressure 
effect exerted by the wall on the particles via a distortion 
in P(r) caused by the wall potential U w . Therefore, we 



Pr-dS = f Pr-dS+ f Pr-dS 

n JdVo. Jdv b 

+ [P{S+ax)-P{S-Ax)]1 r dS. (B3) 

JdV b 



Appendix C: Water balance in solutions with several 
solutes 



A membrane separates solutions into 'a' and 'b' do- 
mains involving water (species-0) as a solvent. In solu- 
tions, M kinds of impermeable solutes are dissolved in 
both a- and b-domains with partial pressures, P^ a and 
Pib, keeping the relation P- Wb = Pib— Pi&— IV In addition, 
M' kinds of permeable solutes are dissolved in these do- 
mains with partial pressures, P ja and Pjb, keeping the re- 
lation PJ* = Pj a = Pjb+Tj. Then, the osmotic pressure 

of this system is given by P osm = P Wb = ^fii ^T" = 
Pft — P a . Here, the total pressure of the domain-a (a = a 
or 6) is defined by P Q = P^ + Po Q with the solute pres- 
sure P„ = Y^iLiPioL + J2jLi'Pja- Water balance is es- 
tablished under the condition PJ^ = p) a = Pob + T with 

r = Ei=i r,:-Ej=i' r J ■ The osmotic pressure is rewritten 

also as P Wb =P"-P a s -r. 
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